We show that by studying the flat spacetime limit of the Mellin amplitude associated with the four-point correlation function of scalar operators in the stress tensor multiplet of ABJM theory, one can produce the momentum expansion of the M-theory four-graviton S-matrix elements. Using CFT data previously obtained from the supersymmetric localization method, we carry out this procedure explicitly to the second nontrivial order in the momentum expansion, and recover precisely the known R 4 contribution to the scattering amplitude of super-gravitons in M-theory in eleven dimensions.
Introduction
M-theory is a quantum theory of interacting super-gravitons in 11 dimensions with no dimensionless coupling constant [1] . While some of its dynamics can be understood through a combination of its relation to superstring theories via compactification and the fact that certain observables are protected by supersymmetry [2] [3] [4] [5] , there has not been a systematic way to produce, for instance, the small momentum expansion of the graviton S-matrix in 11D Minkowskian spacetime. Neither has there been much understanding of the particle spectrum of M-theory, or lack thereof, beyond super-gravitons.
Holographic dualities provide a window into M-theory through a dual quantum field theory. There are three important examples of such holographic duals: the Banks-Fischler-amplitudes" in M-theory. Concretely, the S-matrix element involving 4 super-gravitons is constrained by supersymmetry Ward identities [32, 33] Here, f D 2n R 4 refers to a local term which is a degree n + 3 symmetric polynomial in s, t, u, whereas the loop terms are not analytic at zero momentum. In particular, f R 4 , f 1−loop , and f D 6 R 4 are known exactly [3] [4] [5] , as they are protected by supersymmetry and can be determined by perturbative calculations either in type II string theory or in 11D supergravity [34, 35] . For instance, f R 4 (s, t, u) = stu 3 · 2 7 , f D 6 R 4 (s, t, u) = (stu) Note that a term of the form 10 11 f D 4 R 4 (s, t) in (1.2) would be allowed by the supersymmetric Ward identity, but it is known to be absent by comparison with type II string scattering amplitudes and supersymmetry renormalization properties. The term 14 11 f D 8 R 4 (s, t), on the other hand, is not protected by supersymmetry, and its existence is not known to the best of our knowledge (although it was conjectured to be absent in [4] ).
As mentioned above, our goal here is to reproduce the expansion (1.2) by taking the flat space limit of the CFT correlators. We will carry out this strategy to the first nontrivial order beyond two-derivative supergravity, and produce the R 4 effective coupling of M-theory from the large c T expansion of a known BPS OPE coefficient in ABJM theory, in the following steps:
(1) We focus on the 4-point function of dimension ∆ = 1 scalar primaries S IJ in the stress tensor supermultiplet that transform in the 35 c representation of so (8 Here, s, t are Mellin space kinetic variables (not to be confused with the Mandelstam invariants), and σ, τ are so (8) invariants that will be defined in Section 2. M tree represents the tree-level supergravity contribution, recently computed in [25] . M R 4 is a polynomial expression in s, t, whose large s, t limit will be related to the 4-graviton vertex that corresponds to the R 4 effective coupling in flat spacetime. M 1−loop is the 1-loop supergravity contribution in AdS 4 × S 7 , which is free of logarithmic divergences. The higher order terms in the expansion may involve logarithmic dependence on c T , as we will discuss later.
(2) At each order in the 1/c T expansion, the Mellin amplitude is subject to the N = 8
superconformal Ward identity. If the amplitude is a polynomial in s, t of known maximal degree, e.g. M R 4 is a degree 4 polynomial expression, then the Ward identity allows for finitely many solutions, thereby constraining the Mellin amplitude at this order in terms of finitely many unknown coefficients. Some linear combinations of these coefficients will be related to flat space amplitudes through the large s, t limit. The "loop amplitudes"
will be determined by lower order terms in the 1/c T expansion up to residual polynomial terms. Note that the loop Mellin amplitudes involve sums over poles that correspond to multi-trace operators in the OPE, and in the flat space limit the poles turn into branch cuts.
(3) Transforming the Mellin amplitude back to the correlation function, one would recover from (1.4) the 1/c T expansion of the OPE coefficients as well as the scaling dimensions of various unprotected superconformal primaries. Some of these OPE coefficients, namely those of certain 1/2-BPS and 1/4-BPS multiplets, are known exactly as a function of c T from supersymmetric localization computations [14, 30, 31] . Other OPE coefficients, as well as the scaling dimension of long multiplets, are not known exactly but can be constrained by conformal bootstrap bounds.
(4) We will see that the OPE coefficient of the 1/4-BPS (B, 2) multiplet, expanded to order c − 5 3 T , determines the coefficient of M R 4 in (1.4). Taking its large s, t limit then determines the R 4 effective coupling of M-theory in flat spacetime. 4 Our result is in perfect agreement with the known R 4 coefficient in (1.3), previously derived by combining toroidal compactification of M-theory, comparison to perturbative type II string amplitudes, and protection by supersymmetry.
It is worth noting that previously, in the AdS/CFT context, the R 4 coupling of M-theory has been probed through the study of conformal anomaly of the 6D (2, 0) theory [36] . In this approach, one makes use of the bulk Lagrangian, including R 4 coupling as well as other terms related by supersymmetry. However, it is difficult to justify whether one has accounted for all the relevant terms in the effective Lagrangian, which is further subject to the ambiguity of field redefinitions. In contrast, our strategy produces from CFT data terms in the flat space S-matrix element, it is not subject to complications of the bulk effective Lagrangian, and all supersymmetries are manifest [37, 38] .
A related comment concerns the structure of the derivative expansion of M-theory in 11D flat spacetime. Absent a dimensionless coupling constant, one could either speak of a Wilsonian effective Lagrangian, which is subject to the ambiguity of a floating cutoff scheme, or the 1PI/quantum effective Lagrangian, which amounts to a generating functional for the graviton S-matrix and is nonlocal. It is accidental, thanks to supersymmetry, that low order terms in the derivative expansion of the 1PI effective Lagrangian of M-theory can be separated into local terms, such as t 8 t 8 R 4 , and nonlocal terms that correspond to loop amplitudes. This distinction ceases to exist starting at 20-th derivative order, where the supergravity 2-loop amplitude has a logarithmic divergence that is cut off at the Planck scale and mixes with a local term of the schematic form D 12 R 4 [39, 40] . As mentioned above, it is clearer to phrase all of this directly in the language of the graviton S-matrix, and its expansion at small momenta as given in Eq. (1.2).
Finally, we should note that the idea that a large N CFT has a finite number of solutions to the conformal Ward identities at each order in N was first stated in [41] . In subsequent work [42, 43] , this idea was generalized to maximally supersymmetric SCFTs in 4D and 6D, respectively, where the superconformal Ward identities further constrain the number of solutions. In 4D, [44] related the flat space limit of the Mellin amplitude to the S-matrix of type IIB string theory in 10D, but a precise reconstruction of the 10D S-matrix was not 4 One may contemplate, in principle, a more powerful approach for determining the couplings in the Mtheory effective action, as follows. In principle, 11d SUSY determines the supersymmetric completion of the D 2k R 4 terms (perhaps up to a few coefficients). One can then reduce the 11d action on S 7 to obtain an effective action in AdS 4 , which can then be used to calculate the CFT data via Witten diagrams. In practice, none of these steps are currently achievable without a tremendous effort. We thank Ofer Aharony for this comment.
possible because of a lack of known CFT data that can fix the undetermined parameter in the CFT 4-point function. In the present work, we provide the first application of these ideas to 3D, and, as mentioned above, we can further recover the R 4 term in 11D from the CFT correlators by making use of nontrivial CFT data that can be computed using supersymmetric localization.
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The rest of this paper is organized as follows. In Section 2 we start with a brief review of the properties of the four-point function of the scalar operators S IJ in the stress tensor multiplet of a local N = 8 SCFT. For ABJM theory, we also summarize the known exact results on OPE coefficients derived using supersymmetric localization. In Section 3 we use the superconformal Ward identity as well as the asymptotic growth conditions on the Mellin amplitude in order to determine, up to a few constants, the Mellin amplitude order by order in 1/c T in the case of the M2-brane theory. In Section 4 we explain how to extract various scaling dimensions and OPE coefficients from the Mellin amplitude constructed in Section 3, and show how to reproduce the known correction to the supergravity scattering amplitude of four super-gravitons in 11D. Lastly, we end in Section 5 with a brief summary as well as a discussion of future directions.
Four point function of stress-tensor
Let us start by reviewing some general facts about 3D N = 8 local SCFTs and of the constraints imposed by the osp(8|4) algebra. The discussion in this section is quite general; it does not rely on the Lagrangian of a particular 3D N = 8 SCFT, nor does it assume such a theory has a holographic dual.
As mentioned in the Introduction, all N = 8 local SCFTs have a stress energy tensor which belongs to the same half-BPS multiplet as a scalar operator of scaling dimension ∆ = 1 transforming, by convention, in the 35 c representation of the so(8) R-symmetry. (We choose the eight supercharges also by convention to transform in the 8 v .) Since analyzing correlation functions of scalar operators is easier than analyzing correlators of the stress tensor, we will focus on these scalar operators.
We can view the 35 c representation as the rank-two symmetric traceless product of the 8 c , and so our scalar operators are traceless symmetric tensors S IJ ( x), where I, J = 1, . . . 8 are 8 c indices. In order to not carry around the SO(8) indices, it is convenient to contract them with an auxiliary polarization vector Y I that is constrained to be null
quadratic function of σ and τ .
By performing the OPE between the first two and last two operators in (2.2), one can
where M runs over all osp(8|4) multiplets appearing in the S × S OPE, and the λ 2 M are the squared OPE coefficients for each such supermultiplet M. In Table 1 , we list the multiplets M that appear in the OPE S × S, the dimension, spin, and so(8) representation of their primaries, along with the possible values of their Lorentz spins. In our notation, the (B, +)
[0020] multiplet with (∆, j) = (1, 0) is the stress tensor multiplet itself. Unless otherwise noted, the (B, +) [0040] multiplet in the S × S OPE will be simply be referred to as the "(B, +) multiplet". 6 Its OPE coefficient will be denoted λ (B,+) . Likewise the OPE coefficient of the (B, 2) multiplet will be denoted λ (B,2 and (A, +) j where j is the spin.
Perturbatively in 1/N , the long multiplets that appear in the OPE will be denoted (A, 0) n,j,q , where n = 0, 1, . . . labels the leading order twist 2n+2, and q = 0 , . . . n is an index that labels distinct operators with the same leading order quantum numbers. Subleading corrections in 1/N will lift the degeneracy among these long multiplets. In the n = 0 case, we will omit the label q(= 0) and denote the multiplet by (A, 0) 0,j .
The superconformal block G M corresponding to each of the multiplets listed in Table 1 receives contributions from conformal primaries with different spins j , scaling dimensions ∆ , and so (8) 
Here, the quadratic polynomials Y ab (σ, τ ) are eigenfunctions of the so(8) Casimir corresponding to the various irreducible so(8) representations appearing in the product 35 c ⊗ 35 c , and are given by [47, 48] 
The A M ab∆ j (∆, j) are rational function of ∆ and j. For the list of conformal primaries that appear in each G M as well as the explicit coefficients A M , see [30] .
The Mellin amplitude
Any 4-point function of scalar operators can be equivalently expressed in Mellin space.
We will find it useful to separate out the disconnected piece of the correlator, which in a convenient normalization for S IJ takes the form
and then define the Mellin transform just for the connected part G conn ≡ G − G disc :
Here, the Mellin space variables s, t, and u satisfy the constraint s + t + u = 4∆, and recall that for our 4-point function ∆ = 1. The two integration contours run parallel to the imaginary axis, such that all poles of the Gamma functions are on one side or the other of the contour.
Localization results for short operators in ABJ(M)
The OPE coefficients of all short B-type operators in Table 1 have been computed in [14] for all 3D N = 8 theories, making use of a topological subsector of these theories studied in [31, 49, 50] . 7 For ABJM with gauge group U (N ) k ×U (N ) −k and ABJ with U (N +1) 2 ×U (N ) −2 , the result is known perturbatively to all orders in the large N limit, or exactly at small values of N . To compare to gravity, it is more convenient to reorganize the large N expansion in terms of an expansion in the inverse of c T , the coefficient of the canonically normalized stress tensor two-point function
where P µν ≡ η µν ∇ 2 − ∂ µ ∂ ν . Our convention in (2.9) is such that c T = 1 for a 3D (nonsupersymmetric) theory of a real massless scalar or of a Majorana fermion. In this convention c T is related to the stress tensor OPE coefficient as
The large N expansion of the OPE coefficients of the (B, +) and (B, 2) operators can then be rewritten as an expansion in large c T to all orders. The first few terms are for integer n. In fact, it can be argued that only one of the OPE coefficients in (2.12) is independent, because the relation [31] 
The generalization of the methods of [51] to non-Abelian theories would allow for a more direct computation of these OPE coefficients, without relying on the approach of [14] . 8 It can be argued that the 1/c T expansion of these OPE coefficients is perturbatively the same for the U (N + 1) 2 × U (N ) −2 ABJ theory and the U (N ) 2 × U (N ) −2 ABJM theory. From the M-theory point of view, the two theories differ by a torsion flux, i.e. a discrete holonomy of the 3-form field on a torsion 3-cycle of S 7 /Z 2 [10] . This torsion flux affects the CFT data only through non-perturbative effects.
is a consequence of crossing symmetry and must hold exactly.
The holographic four-point function
Let us now discuss the 4-point correlator of the operators S IJ in the particular case of ABJM theory at CS level k = 1 or 2. In this section, we will use the AdS/CFT duality to study this correlator from the bulk side of the duality, without making any reference to the ABJM Lagrangian. We will use, however, that this theory is the low-energy theory on N coincident M2-branes placed at a C 4 /Z k singularity, and that perturbatively at large N the back-reacted
is given by
where 11 is the 11D Planck length [9] . 9 At leading order in 1/N , the radius of
Note that the subleading corrections in (3.1) depend on the precise definition of L beyond the supergravity solution. This ambiguity will not be important for us, as the precise large radius expansion will be performed in 1/c T rather than in 11 /L.
Holographic correlator in tree level supergravity
The main advantage of the Mellin space representation mentioned in Section 2.1 is that in a theory with a holographic dual one can easily write down the tree level expression for the connected part of the four-point function. Indeed, the simplicity comes about as follows. At tree level, the relevant Witten diagrams are contact diagrams and exchange diagrams, so
while the t-and u-channel exchange diagrams are related to the s-channel one as
In the ABJM paper [9] , the radius of AdS is L is denoted by R/2. Eq. (4.2) in that paper then implies
The scattering amplitudes in the main text were written in the convention 2κ 2 11 = (2π) 5 9 11 whereas the ABJM paper uses the Polchinski [52] convention 2κ
In Mellin space, the contact diagrams corresponding to vertices with n derivatives are order n polynomials in s, t, u. The exchange diagrams are slightly more complicated. An exchange diagram for a bulk field φ dual to a boundary conformal primary operator O of dimension ∆ O and spin O has a meromorphic piece whose form is fixed up to an overall constant by the requirement that the residue at each pole agrees with the residue of the conformal block corresponding to the exchange of the operator O, as well as a polynomial piece in s, t, u.
The degree of the polynomial is given by p 1 + p 2 − 1, where p 1 and p 2 are half the numbers of derivatives in the two vertices connecting the φ internal line to the external lines. The meromorphic piece is independent of the vertices, and it has poles at s = 2m + τ O , where we denote
then the meromorphic pieces for various bulk fields that will be of interest to us can be taken to be:
In addition, we note that the contribution from any bulk field φ dual to an even-twist conformal primary must vanish:
10 These expressions are just rescaled versions of (3.31) of [25] . In particular, we have
because a non-zero meromorphic piece for such an exchange would have poles at even values of s, and that would produce third order poles when inserted in (2.8).
Going back to the situation of interest to us, i.e. the four-point function of the S IJ operators in the k = 1 ABJM theory, 11 we should think about which exchange and contact diagrams we should write down. The scalar operators S IJ are dual to certain components of the 11D graviton and 3-form in the S 7 directions. As is well known, the spectrum of fluctuations around AdS 4 × S 7 organizes into representations of the supersymmetry algebra osp(8|4) [53] (which is the same as the 3D N = 8 superconformal algebra). As shown in Table 1 , the S × S OPE contains two half-BPS operators: the stress tensor multiplet whose bottom component is S itself, and the (B, +) multiplet whose component operators all have even twist. From the discussion above, it follows that the only bulk fields that contribute a meromorphic piece in the exchange diagrams are those in the stress tensor multiplet: the scalar fields dual to S, the so(8) gauge fields, and the graviton.
12 Consequently, M s-exchange is (up to an overall normalization that we will introduce later) a linear combination
for some constants b and c. To determine the relative coefficients one can use the superconformal Ward identity (see Appendix A), which, as shown in [25] , implies b = −4 and c = 4, so
Consequently, we can write a general tree-level Mellin amplitude as
where M exchange = M s-exchange + M t-exchange + M u-exchange , M s-exchange is given by (3.8) with all M 's replaced by M 's, and C is an overall normalization factor.
The superconformal Ward identity also partly determines M residual under the assumption that M residual has a certain polynomial growth. For instance, if we require that M residual 11 The computation for the k = 2 ABJ(M) theory is identical at leading order in the 1/c T expansion. 12 There is no bulk coupling between three scalars in the gravity multiplet, but there exists a boundary term that couples them (see for instance [54] ). Therefore in the scalar exchange diagram the two intermediate points are located on the boundary. 13 In the notation of [25] , we have λ s = −1/π, λ v = −b/π, and λ g = −c/(3π).
has at most linear growth, as would be the case in a bulk theory of supergravity, then the analytic term is completely fixed in terms of (3.7) to be [25] 
Thus, the supergravity tree level amplitude takes the form
For future reference, the linear growth at large s, t, u is given by
The value of the overall coefficient C depends on the normalization of the operators S IJ whose 4-point function we are considering. It is customary to normalize these operators such that T . In particular, if the normalization of O is such that the disconnected piece of the 4-point function is given precisely by (2.7), then the overall coefficient C is fixed to be [25] 15 C = 32
Contribution from higher derivative local terms
Now suppose the 11D supergravity Lagrangian is deformed by a local term of higher than 2-derivative order. The supersymmetric completion of higher derivative couplings are difficult to write off-shell, but are easily classified through local terms in the flat S-matrix elements of higher momentum powers. In AdS 4 × S 7 , they give rise to a contribution to the Mellin amplitude that is a polynomial expression in s, t, of the form
14)
14 At large s, t, u, we have
where F is a homogeneous polynomial in s, t, u, determined by the corresponding flat space vertex, and · · · represents lower degree terms in s, t. One can check that the expression (3.14)
solves the superconformal Ward identity written in Appendix A, after the latter is expanded to leading non-trivial order in large s and t. The number of polynomial solutions to the superconformal Ward identities of degree p ≥ 0 is thus equal to the number of monomials in P and Q,
This number is
See the first two lines of Table 2 , where for each degree p ≤ 10 in s, t, u we listed the number of local solutions of the Ward identity with that growth at large s, t, u. T , c −3 Table 2 : Number of solutions to the Ward identity of degree p polynomial growth at large s, t, u. At each order we can always have the solutions from previous orders. The solution corresponding to p = 1 is non-analytic; all other new solutions are purely polynomial in s, t, u and their number is given by n(p) in (3.16). Spin truncation refers to the maximum spin of operators that receive contributions at this order. In the second to last row, we indicate the order of appearance of the maximal degree solution in the large c T expansion of the Mellin amplitude of M-theory on AdS 4 × S 7 . Note that D 4 R 4 is expected to be absent in M-theory, while one specific linear combination of the two possible D 12 R 4 terms mixes with the 2-loop logarithmic divergence which is cut off at Planck scale.
Thus, the most general local term in the Mellin amplitude that solves the Ward identity is of the form
where
local is a polynomial solution to the Ward identity of degree p, labeled by the index k. We left out the overall constant C by convention. A well defined flat space limit would require the coefficients B p,k to scale with the AdS radius L like
Beyond the leading large s, t, u asymptotics, the polynomial solutions are quite complicated. To simplify their form a bit, let us first note that any function M (s, t; σ, τ ) that is crossing invariant can be written as 19) where the f i are symmetric functions of s, t, u, or equivalently functions of P and Q as defined in (3.15). The first purely polynomial solution to the Ward identity, which is the unique solution of degree 4 we denoted by M local has the asymptotic form (3.14) with F (P, Q) = 1. For explicit expressions of all polynomial solutions up to degree 10, see Appendix B.
Loop contributions
While the large c T expansion of the M-theory Mellin amplitude in AdS 4 × S 7 contains local terms that correspond to higher derivative vertices in the flat space limit, there must also be "loop terms" that are required by unitarity. The loop terms are determined, up to local terms, in terms of lower order terms in the large c T expansion [24, [55] [56] [57] .
Unlike the loop terms in the flat spacetime S-matrix, a loop term in the Mellin amplitude involves an infinite series of poles rather than a branch cut in the s, t, u variables. For instance, the supergravity 1-loop Mellin amplitude can be expressed as a sum over poles in s at s = 2∆ + 2n, n = 0, 1, 2, · · · , whose residues are polynomials in t, together with cross terms related by permutation on s, t, u. In the flat space limit, the sum of poles turns into an integral, which is nothing but a representation of the supergravity 1-loop S-matrix in the form of a dispersion relation.
The flat space loop amplitudes can typically be expressed as loop integrals that are UV divergent; the UV divergence can be renormalized by local counter terms up to logarithmic divergences. Similarly, the Mellin loop amplitudes typically involve a divergent sum over poles, that can be regularized by subtracting off polynomials in s, t term by term in the sum, up to logarithmic divergences. The log divergence is physical and is cut off at Planck scale in M-theory, resulting in a log c T dependence in the Mellin amplitude. In this paper, we
will not compute the M-theory loop Mellin amplitudes explicitly, but illustrate the general structure in a few examples, as follows. T . The 2-loop 4-super-graviton amplitude of 11D supergravity has a log divergence of the form [39] (log Λ) 
T log c T , as indicated in Table 2 . As shown in [22, 24] , the relation between the large s, t limit of the Mellin amplitude M (s, t) and the flat spacetime scattering amplitude A(s, t) takes the form
where V 7 = π 4 /3 is the volume of the unit S 7 . The amplitude A appearing on the RHS is the 11D flat spacetime amplitude of four supergravitons, with momenta restricted to a 4D sub-spacetime, integrated against four supergraviton Kaluza-Klein mode wave functions on the S 7 , normalized by multiplying with an S 7 volume factor so that the L → ∞ limit is finite. Indeed, the scaling in (3.18) is such that only the most divergent term in each M (p,k) local contributes to the limit on the LHS of (3.21).
More precisely, if we label by i, j, k, the four supergraviton KK modes, then the amplitude A ijk (s, t) appearing on the RHS of (3.21) is related to the 11D scattering amplitude
Here A 11D αβγδ (s, t) is an invariant tensor in the supergraviton polarizations α, β, γ, δ. Ψ α i (x) is the normalized KK mode wave function for the particle i on a unit S 7 .
Since on the 3D SCFT side we are studying scalar operators transforming as the 35 c of so(8), the flat space limit of the 4-point function of these operators corresponds to the scattering amplitude A(s, t) of the 11D gravitons in their lowest KK modes, with momenta concentrated in a 4-dimensional sub-spacetime and polarization in the transverse directions.
After contraction with so(8) polarization vectors and rewriting in terms of the so(8) invariants σ, τ (after stripping out a factor of (
2 ), the scattering amplitude will be denoted by A(s, t; σ, τ ). Rather than evaluating the integral in (3.22) directly, we can obtain the answer by reducing the tree level amplitude of the lowest KK modes on AdS 4 × S 7 to that of the N = 8 gauged supergravity in AdS 4 [58] (see also [53] , as well as [59] for a review), whose flat spacetime limit gives the tree amplitude in 4D ungauged N = 8 supergravity [60] [61] [62] . The details are explained in Appendix C. The result takes the form A(s, t; σ, τ ) = At each order in c
T , the large s, t limit of the Mellin amplitude (at this specific order) is determined by the flat space limit, i.e. by a corresponding term in the small momentum expansion of A(s, t). As such, the large c T expansion of the Mellin amplitude is expected to be of the form M (s, t; σ, τ ) = c −1 While M R 4 , for instance, is proportional to the unique solution to the superconformal Ward identity of degree 4 in s, t, the term M D 6 R 4 is a linear combination of three independent solutions to the Ward identity, of degree 7, 6, and 4 respectively. We must be careful about the interpretation of the loop terms on the RHS. M 1−loop is determined by the tree level supergravity Mellin amplitudes 16 up to the ambiguity of a term proportional to M R 4 . Based on superconformal Ward identities and the flat space limit, a priori one may expect that other terms suppressed by further powers of ( 11 /L) 2 , such as terms of the form c T M R 4 , would be allowed on the RHS of (3.24). As we will see later, such terms are ruled out by comparison with the known CFT data, namely the 1/c T expansion of the OPE coefficient λ 2 (B,+) . At low derivative orders, this can be understood from the supersymmetry protected terms in the bulk effective action as follows. A term suppressed by extra powers of ( 11 /L) 2 in comparison to those that survive the flat space limit should come from the reduction of higher-than-4-point effective coupling of the super-graviton on AdS 4 × S 7 , e.g.
terms in the effective action of the schematic form R 5 , R 6 , etc. As explained in [63] where with the normalizations F (P, Q) = 1 and F (P, Q) = Q for M (3.26) in the large radius limit. Using the relation (3.1) given by the AdS/CFT dictionary, we can write (3.26) as
(3.27)
In the normalization of S IJ in which the disconnected piece of the 4-point function is given precisely by (2.7), the overall coefficient C is given by (3.13), which is exact in 1/c T . This is essentially because the exchange of the stress tensor multiplet only appears in M SUGRA tree , and hence the coefficient of the latter in the Mellin amplitude is exactly proportional to c −1
T . All other terms on the RHS of (3.25) involve exchange of multi-trace operators.
So far, using the known part of the M-theory effective action, we have determined the 17 Beyond order c T , however, it is not clear from the bulk why the contributions from, say c T log c T term that is fixed by the logarithmic divergence of 2-loop amplitude in 11D supergravity. Other coefficients, such as those appearing in M D 8 R 4 , are entirely unknown due to our ignorance of the higher order terms in the small momentum expansion of the M-theory S-matrix.
In the next section, we show how to relate these coefficients to CFT data, namely the OPE coefficients and scaling dimensions. Thus, if one has an independent way of computing those CFT data, one can reconstruct the corresponding part of the Mellin amplitude.
Comparison with CFT data
We will now extract CFT data from the tree-level Mellin amplitudes computed above. We will focus on the OPE coefficients squared a M of the protected multiplets M in Table 1, as well as the scaling dimension ∆ A (0,j) of the lowest twist long multiplet with spin j. The supergravity contribution to these quantities was computed in [25, 29] , and by definition is order c Tables 6 and 7 in [30] , respectively, we see that these supermultiplets contain a superconformal descendent with spin j + 2 that is the only operator with these quantum numbers, so these multiplets receives contribution only for p ≥ j + 6. We will now show how to fix the n(p) − n(p − 1) (3.25) by extracting at least n(p) − n(p − 1) different pieces of CFT data from these amplitudes, following the algorithm in [29] .
We begin by writing the position space
where the subscript ∆
M denotes that the blocks for the unprotected operators should be evaluated with the leading order scaling dimension. Note that this expression only holds for tree level amplitudes that scale as some fraction of c −1
T ; for loop terms there would be additional terms. The superblocks G M (U, V ; σ, τ ) can be further expanded into so (8) structures Y ab (σ, τ ) and conformal blocks G ∆ ,j (U, V ) as in (2.5) . To compare to the Mellin space amplitude, we will furthermore take the lightcone expansion U 1 for fixed V , so that the conformal blocks can be written as
where the lightcone blocks g
∆,j (V ) are labeled by the k + 1-th lowest twist, and are only functions of V . For instance, the k = 0 block in the normalization of [29] is
∆,j (V ) goes like (1 − V ) j−2k in the V → 1 limit.
Putting these ingredients together, we can now expand G (p,d) to get the final expression
∆ ,j (V )
The utility of the lightcone expansion is that the U -dependence corresponds to the twist ∆−j of a conformal primary, and the log U term distinguishes between the scaling dimension and the OPE coefficient of that primary. In the Mellin transform (2.8), one can isolate the
+k factor by taking the residue of the pole s = ∆ − j + 2k. The t-integral can then be performed by summing all the poles, which yields a function of V . We can then extract the coefficients of a set of lightcone block using the orthogonality relations for hypergeometric functions [41] δ r,r = −
where the integration contour is chosen to encircle only the pole V = 1. For instance, by
(1−V ) and then evaluating the residue at V = 1, we will collect contributions from all terms in G (p) (U, V ; σ, τ ) that involve the lightcone blocks g
∆ ,j (V ) with j = j, j + 2, . . . , j + 2k, as well as those involving
∆ ,j (V ) with j < j + 2k − 1. Combined with our ability to select the twist ∆ − j and R-symmetry structure Y ab (σ, τ ), as well as our knowledge of how each conformal primary contributes to the superconformal multiplet, this is enough to recursively solve for all ∆ Recall that there are n + 1 long multiplets (A, 0) n,j,q appearing in the OPE with leading order twist 2n+2, labeled by q = 0, · · · , n. For n > 0, ∆
extracted from the local term in the Mellin amplitude is actually the average of all q = 0, . . . , n operators with the same leading order quantum numbers. To avoid this ambiguity, we will only discuss the n = 0 case (where the label q = 0 will be omitted in the notation). To extract the anomalous dimension
, we will also need the leading order OPE coefficient squared a
, which we list from [29] in Table 3 .
Spin j Leading order OPE coefficient squared a 
Matching the R 4 term
We begin by extracting the CFT data that receives corrections from the degree 4 polynomial
Mellin amplitude M (4, 1) local that corresponds to the R 4 term. From the discussion above, the multiplets that receive corrections at this order are (B, +), (B, 2), and (A, 0) n,0,q . Since local given in (3.20) and find that the U Y 22 coefficient is
where we closed the contour to include all positive poles in t. From the expansion (4.4), we then extract the coefficient of g
2,0 (V ) by integrating against
to find
where we used A (B,+) 2220 (2, 0) = 1 for the superconformal primary. We now compare to the localization result (2.12), and using the SUGRA normalization (3.13) we find that the leading We can similarly extract the anomalous dimension at order c from Table 3 . We obtain
where we inputted the value of CB 4,1 determined above.
Higher derivative corrections
We now show how to extract CFT data from higher degree Mellin amplitudes M For p < 10 the leading order in 1/c T contributions can be unambiguously extracted from these terms, as they do not mix with loop contributions. For p = 10, the c −3
T contribution is affected by the as yet unknown 2-loop term, but there is a c −3
T log c T that one could unambiguously extract. For all higher terms, the tree level contribution is indistinguishable from the 2-loop and higher contributions. as well as the lowest twist unprotected ∆ (A,0) 0,j for the allowed spin. These calculations will closely follow the SUGRA calculations in [29] , except that we use M (p,d) local in Appendix B. As such we will only briefly sketch the calculations; for more details see [29] .
For (A, +) j , we extract its OPE coefficient using the superconformal descendent (j + 4, j + 2) [0040] , which has the advantage of being the only conformal primary in M with these quantum numbers for any j. If we had chosen the superconformal primary (j + 2, j) [0020] , then for j = 2 this primary would have appeared in both (A, +) 0 and (A, +) 2 . Using the explicit coefficients in Appendix C of [30] Table 4 .
The calculation for (A, 2) j is more subtle, because there is no longer a twist 2 conformal primary that only appears in (A, 2) j . We choose the conformal primary (j + 4, j + 2) [0120] , which overlaps with superconformal descendents of (A, +) j±1 . Since we have already computed a Table 4 .
For (A, 0) 0,j , since we are considering its anomalous dimension, we only need to worry about mixing with other superconformal descendents of (A, 0) 0,j for some other j . If we choose the superconformal primary (j + 2, j) [0000] , then from Table 8 in [30] we see that a superconformal descendent of (A, 0) 0,j mixes with (A, 0) 0,j+4 . We can take into account this mixing by computing each j starting from j = 0, which yields the answers in Table 4 .
Note that all the OPE coefficients and anomalous dimensions in Table 4 
Discussion
In this paper, we outlined a strategy to recover the M-theory effective action, i.e. the small momentum expansion of the flat spacetime S-matrix, from the CFT data of ABJM theory using the large c T expansion of the Mellin amplitude. We determined certain low order terms in the latter expansion using the OPE coefficient of the (B, +) multiplet, previously In [14] , it was noticed that the (B, 2) (or (B, +)) OPE coefficients of ABJ(M) theory, as computed using supersymmetric localization, come close to saturating the numerical bootstrap bounds on these quantities obtained for general N = 8 SCFTs. Such a bound saturation would imply that one may extract numerically all the CFT data encoded in the SSSS
4-point function,
18 thus allowing us in principle to recover the entire M-theory super-graviton S-matrix using the procedure outlined in this paper. However, as was pointed out in [14] , the values of the (B, 2) OPE coefficients as a function of 1/c T start to depend on k at order 1/c
5/3
T , with the value for the k = 2 ABJ and ABJM theories being closer to the numerical bound.
19 So it is possible that one of these k = 2 theories could in fact saturate the bootstrap bound for all values of c T , and the strategy of determining the CFT data numerically and feeding it into the procedure described in this paper could work. As far as the k = 1 ABJM theory is concerned, while (at least at large c T ) this theory certainly does not saturate the bootstrap bound discussed in [14] , it is possible that an improved bootstrap analysis could So far we have focused entirely on 4-particle S-matrix elements. Our strategy based on the flat space limit of ABJM correlators allows us, in principle, to recover the M-theory S-matrix elements of n supergravitons, provided that their momenta are aligned within a 4D sub-spacetime of the 11D Minkowskian spacetime. This determines all n-point S-matrix elements for n ≤ 5, but not for n ≥ 6. To recover the (n ≥ 6)-point S-matrix elements for general 11D momenta from the Mellin amplitudes of ABJM theory would be much more difficult, as it would require taking a flat space limit of the Mellin amplitudes for operators of large so(8) quantum numbers.
It would also be useful to extend the arguments of this paper to other cases of maximally supersymmetric SCFTs with holographic duals, such as N = 4 SYM in 4D, which is dual to Type IIB String theory, and the A N −1 series of (2, 0) theories in 6D, which is dual to Mtheory. As mentioned before, none of the CFT data in the stress tensor four point functions in these cases is known analytically beyond 1/c T order, but it is possible that numerical bounds could be translated into bounds on M-theory and String theory. In 6D, the OPE coefficients of certain protected operators that appear in four point function half-BPS multiplets other than the stress tensor are known in an expansion to all orders in 1/c T using the protected 2D chiral algebra. In an upcoming work [65] , this data will be used to derive the M-theory R 4 from 6D CFT, analogous to the 3D derivation in this work.
Lastly, it would be interesting to generalize the construction in this paper to theories with lower amounts of supersymmetry. In particular, it should be possible to extend the arguments of this paper to the full family of ABJM theories, which have only N = 6 supersymmetry for CS level k > 2. The supersymmetric localization calculations extend to this case too, and one can perform both an expansion in large N at fixed k, as we did in this paper, or at large N and fixed λ = N/k [12] . The latter expansion would allow us to probe scattering amplitudes in type IIA string theory directly. 
A Supersymmetric Ward identity
In position space, the supersymmetric Ward identity takes the form [66] 
where we defined
To implement the Ward identities in Mellin space, we first expand G(U, V ; σ, τ ) into the R-symmetry polynomials Y ab (σ, τ ) as
which has Mellin transform (2.8)
If we add up the two equations in (A.1), and expand in powers ofᾱ, then z andz always appear in the combination z m +z m for some integer m, which can then be turned into rational functions of U, V . The resulting equation involves a set of differential operators in U, V acting on G ab (U, V ), organized in powers ofᾱ. Finally, we convert the Ward identity to
Mellin space by setting
where the hatted operators act on M ab (s, t) as 6) where u = 4 − s − t and we will have independent constraints on each coefficient in the expansion in powers ofᾱ.
B Polynomial solutions of degree p ≤ 10
Here we record the purely polynomial solutions M p,d to the superconformal Ward identity with maximal degree p. For p = 6, 7, 8, 9 we find one new solution for each p, while for p = 10 we find two new solutions. We will write these polynomials in the notation of (3.15) and (3.19) , so that in the large s, t limit they take the form
where they are normalized so that
The full polynomials are then The 4-point scattering amplitude of any four particles from the gravity multiplet can be succinctly described by first introducing auxiliary Grassmann variables η A and grouping all the particles of the gravity multiplet into an N = 8 superfield (see for example [33] )
The expression for Φ is designed such that one can extract a state of a given helicity by taking derivatives with respect to the auxiliary Grassmann variables η A . For the 70 scalars, we have
The tree-level 4-point scattering amplitude in supergravity can then be written as (see [33] ) 20 A tree, SG (s, t; η i ) = 1 256 To obtain the flat space limit of the scattering amplitude of the 35 c scalars in gauged 20 For the scattering amplitudes corresponding to higher derivative interactions in 4D, see [37, 38, 67] . which has all the properties we required.
From any anti-self-dual anti-symmetric tensor T ABCD we can obtain a symmetric traceless for some parameters x and y. Plugging these expressions in (C.9) one finds that Plugging (C.14) and (C.17) into (C.12) and using that s + t + u = 0, it can be shown that (C.12) can be rewritten as Up to an overall constant, we have thus derived the form of the first term in (3.23).
